We report on a study of two-flavor finite-temperature chiral phase transition employing the Kogut-Susskind quark action and the plaquette gluon action in lattice QCD for a lattice with N t = 4 temporal size. Hybrid R simulations of 10 4 trajectories are made at quark masses of m q = 0.075, 0.0375, 0.02, 0.01 in lattice units for the spatial sizes 8 3 , 12 3 and 16 3 . The spatial size dependence of various susceptibilities confirm the previous conclusion of the absence of a phase transition down to m q = 0.02. At m q = 0.01 an increase of susceptibilities is observed up to the largest volume 16 3 explored in the present work. We argue, however, that this increase is likely to be due to an artifact of too small a lattice size and it cannot be taken to be the evidence for a first-order transition. Analysis of critical exponents estimated from the quark mass dependence of susceptibilities shows that they satisfy hyperscaling consistent with a second-order transition located at m q = 0. The exponents obtained from larger lattice, however, deviate significantly from both those of O(2), which is the exact symmetry group of the Kogut-Susskind action at finite lattice spacing, and those of O(4) expected from an effective sigma model analysis in the continuum limit.
Introduction
The nature of the finite-temperature chiral phase transition has been pursued using lattice QCD over many years. The commonly adopted simplification is to approximate the real world with N f flavors of degenerate quarks. Theoretical arguments [1] based on an effective sigma model that preserves chiral symmetry of QCD suggest the order of the transition changing from first to probably second as N f decreases from N f ≥ 3 to N f = 2, which is a reasonably close approximation to reality.
Lattice QCD simulations with the Kogut-Susskind quark action have shown that the transition is indeed of first order for N f = 4 [2, 3, 4, 5] . There are indications, though much less extensive, that the N f = 3 transition is also of first order [6] in agreement with the theoretical expectation. A physically important case of N f = 2, on the other hand, has turned out to be more elusive. In Ref. [5] a finite-size scaling analysis was attempted at quark masses m q = 0.025 and 0.0125 in lattice units for a temporal lattice size of N t = 4 employing the spatial sizes 6 3 , 8 3 and 12 3 . While the results clearly confirmed that the N f = 2 transition is much weaker than that for N f = 4, a first-order transition could not be quite excluded since various susceptibilities exhibited some increase with spatial volume up to 12 3 . Simulations on a 16 3 × 4 lattice at m q = 0.025 and 0.01 carried out by the Columbia group [6] showed, however, that the susceptibilities flatten off between 12 3 and 16 3 spatial sizes. The combined results led to the conclusion that a phase transition is absent down to the quark mass of m q ≈ 0.01 − 0.0125, and this was taken to be consistent with the prediction of the sigma model analysis [1] for a second-order transition which takes place at m q = 0, and changes into a crossover at m q = 0.
If the N f = 2 transition is indeed to follow the prediction of the effective sigma model, critical exponents for the N f = 2 system should agree with those of the O(4) Heisenberg model in three dimensions. This point was first studied by Karsch [7] . Examining world data for the critical coupling β c (m q ) as a function of quark mass m q , he concluded that the dependence is consistent with a second-order scaling behavior with the O(4) critical exponents. This analysis has been extended in Ref. [8] in which various susceptibilities were measured on an 8 3 × 4 lattice at m q = 0.075, 0.0375, 0.02, and critical exponents were extracted from the quark mass dependence of the peak height of susceptibilities. The results showed that the magnetic exponent was in fair agreement with the O(4) value, while that for the thermal exponent exhibited a sizable deviation.
In these earlier analyses there are a number of respects that deserve further investigations. First, the conclusion on the absence of a first-order transition at m q ≈ 0.01 from finite size scaling was based on a combination of finite-size data from two groups [5, 6] which employed slightly different quark masses (m q = 0.0125 [5] and 0.01 [6] ). There is also a suspicion that the simulation may not be long enough. It is clearly desirable to reexamine finite-size scaling behavior with a homogeneous data set generated under the same simulation conditions. Second, the method of second-order scaling analysis should be applicable only for sufficiently large lattice sizes to avoid finite-size effects. It is not clear if the spatial size of 8 3 employed by Karsch and Laermann [8] is sufficient, especially toward light quark masses. Additional question is whether the range of quark mass m q = 0.075 − 0.02 they explored is small enough for the true critical behavior to manifest in the susceptibilities. Thus an extension of their work toward larger spatial sizes and smaller quark masses is undoubtfully desired.
In order to address these points we have carried out new simulations for the twoflavor chiral phase transition with the Kogut-Susskind quark action, and systematically collected data over a range of spatial sizes and quark masses with statistics higher than in the previous work. Our simulations have been made for m q = 0.075, 0.0375, 0.02 and 0.01 on lattices of size 8 3 × 4, 12 3 × 4 and 16 3 × 4, accumulating 10000 trajectories of the hybrid R algorithm for each parameter set. In this article we present details of the runs and results of our analyses on both finite-size and second-order scaling behavior. The calculations have been performed on the Fujitsu VPP500/80 supercomputer at KEK.
A preliminary account of our results was reported in Ref. [9] . A similar study has been carried out by the Bielefeld group [10] with lattice sizes up to 16 3 × 4 but keeping the quark mass only to m q ≥ 0.02. The MILC Collaboration has recently started simulations for small quark masses down to m q = 0.008 employing lattices as large as 24
3 [11] . In Sec. 2 we describe details of our simulation. In particular we explain our method for computing the disconnected part of fermionic susceptibilities which is non-trivial. In Sec. 3 we discuss finite-size scaling analysis for a given quark mass. In Sec. 4 analyses of exponents and scaling functions extracted from the quark mass dependence of susceptibilities are presented. Conclusions of the present work are given in Sec. 5.
Simulation and measurements

Simulation algorithm
The present study is carried out with the plaquette action for gluons and the KogutSusskind action for quarks. The effective action is given by
where N f = 2, the subscript e means the even part, and D(U) denotes the Kogut-Susskind quark operator,
with
We employ the standard hybrid R algorithm to simulate the system, adopting the same normalization of the step size ∆τ as in the original literature [12] . In the leap-frog update to solve the molecular dynamics equations, link variables are assigned to half-integer time steps and conjugate momenta to integer times. Inversion of the quark operator is made with the conjugate gradient algorithm.
Observables and method of measurement
We consider local observables defined by
where V = L 3 · N t denotes the lattice volume of an L 3 × N t lattice, D 0 the temporal hopping term of the Kogut-Susskind operator as defined in (3), and U xµν the plaquette in the µν plane. In the course of our simulation, we measure these quantities and the corresponding susceptibilities given by
χ
Calculation of the fermionic susceptibilities χ m , χ t,f and χ e,f is non-trivial because of the presence of disconnected quark loop contributions. Let us illustrate our procedure for χ m . After quark contractions and correcting by powers of N f /4 for normalization to N f flavors, χ m is written
We employ the volume source method without gauge fixing [13] to evaluate the two parts.
be the quark propagator for unit source placed at every space-time site with a given color b. Define
Up to terms which are gauge non-invariant, and hence vanish on the average, we find
x,y
Note that O 1 contains the connected contribution in addition to the dominant disconnected part, and vice versa for O 2 . The terms O 3 and O 4 represent contact contributions in which the source and sink points of quark coincide.
To calculate the susceptibility χ t,f we need to replace one of the volume source propagator G x . Both propagators should be replaced in this way for χ e,f .
Choice of run parameters
The distribution of observables generated by the hybrid R algorithm suffers from systematic errors arising from a finite molecular dynamics step size ∆τ and a finite stopping condition taken for the conjugate gradient inversion of the quark operator. For analyses of critical properties of phase transitions, potential problems caused by these systematic errors are a shift of the critical coupling β c and a modification of susceptibilities, in particular a change in the magnitude of the peak height of susceptibilities at β = β c . In order to examine these effects we carry out test runs on an 8 3 × 4 lattice at m q = 0.02. Let us define a residual r of the conjugate gradient inversion algorithm applied for a source vector b by where, as in (1), the subscript e means the even part. The choice of the factor 3V is motivated by the fact that the norm of the residue vector ||b e − (D † Dx) e || 2 is proportional to V = L 3 · N t for a Gaussian noise source employed for the hybrid R algorithm. To test effects of the stopping condition, we choose an approximate value of the critical coupling β = 5.282 for m q = 0.02, and generate 1000 trajectories of unit length with a fixed step size of ∆τ = 0.03, varying the stopping condition from r = 10 −2 to 10 −6 . The time histories of the chiral order parameter ψψ for the runs are shown in Fig 1. We observe that a looser stopping condition leads to a smaller value and a larger magnitude of fluctuations of ψψ. The results, however, are stable for r ∼ <10 −4 − 10 −5 . In all of our production runs we therefore take the condition given by
Another possible measure of the stopping condition is to employ the ratiõ
With a Gaussian noise source we expect ||x e || 2 ∝ c(m q )V with the coefficient c(m q ) increasing as m q becomes smaller. Thus our stopping condition is relatively tighter toward smaller quark masses compared to that given in terms of (28).
We examine systematic effects of the step size by carrying out runs of 10000 trajectories of unit length for the combinations (β, ∆τ ) = (5.282, 0.01), (5.284, 0.014), (5.284, 0.02) with the stopping condition fixed at r = 10 −6 . The critical coupling β c (∆τ ) estimated from the peak position of the chiral susceptibility χ m , and its peak height χ max m (∆τ ) are plotted in Fig. 2 (a) and (b) as a function of ∆τ 2 , where the standard reweighting technique [14] is employed to estimate β c (∆τ ) and χ max m (∆τ ). We observe that the results are consistent with an O(∆τ 2 ) dependence theoretically expected [12, 15, 16] . Since quark mass is expected to affect the systematic error in the combination (∆τ /m q ) 2 , we parametrize β c (∆τ ) and χ leads to an accuracy of 0.03% (or 0.0015 in magnitude) for β c and 9% for χ max m . We think these accuracies to be sufficient compared to our statistical errors, and adopt ∆τ ≈ mq 2 for our production runs.
Summary of runs
We carry out runs for the temporal lattice size N t = 4 at the quark masses m q = 0.075, 0.0375, 0.02 and 0.01. For each quark mass we employ three spatial lattice sizes given by L = 8, 12 and 16. For each set (m q , L) we choose a single value of β close to the critical coupling, which is selected by preliminary short runs, and carry out a long simulation of 10000 trajectories of unit length starting from an ordered configuration using the stopping condition as described in Sec. 2.3. Variation of observables as a function of β is calculated by the reweighting technique [14] from a single run. In applying the reweighting technique one may consider an alternative procedure of making a number of shorter runs for a set of values of β around β c . In practice we find long-range fluctuations of O(1000) trajectories toward smaller quark masses and larger volumes, so that a simulation at a single parameter point is already quite computer time intensive to get rid of these fluctuations. We therefore adopt the approach of making a single long run at a well-chosen value of β in the present work.
In Table 1 we list the values of β where our runs are carried out and the molecular dynamics step size ∆τ used. Two runs are made for m q = 0.01 on a 12 3 × 4 lattice since the first run at β = 5.266 turns out to be predominantly in the low-temperature phase. We collect time histories of the chiral order parameter ψψ and their histograms in Fig 3. In all of the runs observables are calculated at every trajectory, discarding the initial 2000 trajectories of each run. Jackknife analysis is carried out for the reminaing 8000 trajectories to estimate errors. Examining the bin size of 400 and 800 we find that the magnitude of errors is stable, and we adopt 800 for the bin size of our error estimations. We start our analysis with an examination of the spatial volume dependence of susceptibilities for each quark mass. The β dependence of susceptibilities, evaluated with the reweighting technique for each m q and spatial size L, is illustrated for the chiral and Polyakov susceptibilities, χ m and χ Ω , in Fig 4. Let us denote by β c and χ max the position and height of the peak of a susceptibility. Our numerical results for these quantities are summarized in Table 2 for each of the susceptibilities defined by (9-15). As typical examples, we plot χ 3 lattice represent two runs at these parameters. The agreement between the two points justifies the robustness of the reweighting method: the method works well even if the simulation is carried out in one side of the two phases, i.e., at β off the critical value. The behavior of other susceptibilities are similar as one may find from Table 2 .
For the heavier quark masses of m q = 0.075 and 0.0375 the peak height of the susceptibilities increases little over the sizes L = 8 − 16, showing that a phase transition is absent for these masses. For m q = 0.02, a significant increase is seen between L = 8 and 12. The increase, however, does not continue beyond L = 12, with the peak height for L = 16 consistent with that for L = 12. We then conclude an absence of a phase transition also for m q = 0.02. The histogram shown in Fig. 3 (c) provides further support for this conclusion; while the histogram for the size L = 8 is broad and even hint at a possible presence of a double peak structure, such an indication for metastability is less visible for L = 12, and a single peak structure becomes quite manifest for L = 16.
For m q = 0.01 the peak height also increases between L = 8 and 12. Furthermore, the increase continues up to L = 16. In fact the rate of increase is consistent with a linear behavior in volume, which is expected for a first-order phase transition.
We think, however, that caution must be exercised to draw a conclusion solely from A double-peak distribution, clearly seen for L = 8, is less evident for L = 12 and barely visible for L = 16. Moreover, the width of the distribution is narrower for larger lattice sizes. These trends show a marked contrast with the case of the first-order deconfining phase transitions of the pure SU(3) gauge theory and of four-flavor QCD, where a flipflop behavior in the time history and a double-peak distribution in histograms become progressively pronounced toward larger spatial volumes, for instance, as is seen in Fig. 1 of Ref. [17] . The observations above indicate that the increase of susceptibilities seen for m q = 0.01 is due to insufficient spatial volume, which is similar to an increase between L = 8 and 12 for m q = 0.02 for which the susceptibilities level off for L = 16. In order to make a comparison of volume dependence for different quark masses, we need to normalize the lattice size in terms of a relevant length scale, which may be taken to be the pion correlation length ξ π = 1/m π at zero temperature. Results of m π precisely at the values of β and m q where our simulations are made are not available. The MILC Collaboration, however, has given a parametrization of available data for π and ρ meson masses as a function of β and m q [16] , from which we find ξ π ≈ 3.0 for m q = 0.02 and ξ π ≈ 4.4 for m q = 0.01 at the respective critical couplings. Hence the size L = 8 for m q = 0.02 roughly corresponds to L = 12 for m q = 0.01, and L = 12 to L = 16. Comparing the histograms for m q = 0.02 and 0.01 which are in correspondence in this sense, we find that they are similar not only in shape but also in the trend that a double peak type distribution changes toward that of a single peak for larger sizes.
A more quantitative comparison is made in Fig. 6 where we plot the dimensionless combination χ max m · m 2 π against Lm π . Data points for various quark masses and spatial sizes roughly fall on a single curve, and the increase observed up to L = 16 for m q = 0.01 does not stand out as particularly large. It is quite plausible that the peak height for m q = 0.01 levels off if measured on a larger lattice, e.g., L = 24.
While a definitive conclusion has to await simulations on larger spatial sizes, our examinations lead us to conclude that a first-order phase transition is absent also at m q = 0.01.
Comparison with previous studies
Finite-size analyses similar to those reported here were previously carried out by two groups [5, 6] . In Ref. [5] runs of 4000 − 10000 trajectories of unit length were made for the spatial sizes 6 3 , 8 3 and 12 3 at m q = 0.0125 and 0.025 using the step size of ∆τ = 0.02 for both cases. In Ref. [6] a larger spatial lattice of 16 3 was employed, and 2500 trajectories were generated at m q = 0.01(∆τ = 0.0078) and m q = 0.025(∆τ = 0.01). The quantities examined in these studies were the Polyakov susceptibility χ Ω and the pseudo chiral susceptibility defined by
where ξ is a Gaussian noise vector. We also calculate the pseudo chiral susceptibility in the present work. In Fig. 7 (a) previous data for this quantity from Refs. [5, 6] are compared with the new results. A similar comparison for the Polyakov loop susceptibility is made in Fig. 7 (b) . We observe that the data are consistent for the sizes L = 8 and L = 12. A reasonable agreement is also seen between the present simulation and the earlier results for L = 16 at m q = 0.025−0.02. At the smallest quark mass of m q = 0.01, however, the result from Ref. [6] is by a factor 2 − 3 smaller compared to our values.
A technical point to note in the calculation of Ref. [6] for χ c is that it used a multiple set of noise vectors for each configuration in contrast to a single vector employed in Ref. [5] and the present work. This, however, would not be the main source of the discrepancy since the result of Ref. [6] for m q = 0.025 is in agreement with the other calculations. This difference also cannot explain the discrepancy in the Polyakov susceptibility. We think it likely that the underestimate of Ref. [6] originates from a shorter length of their run. Indeed dividing our full set of trajectories at m q = 0.01 and L = 16 into subsets of 2500 each, we find susceptibilities reduced by a similar factor for some of the subsets owing to a long-range fluctuations over τ ∼ O(1000). 
Analysis of quark mass dependence
Scaling laws and exponents
We have seen in the previous section that our finite-size data do not show clear evidence for a first order phase transition down to m q = 0.01. In the present section we assume that the two-flavor chiral transition is of second-order which takes place at m q = 0, and turns into a smooth crossover for m q = 0. Various scaling laws follow from this assumption for the quark mass dependence of the susceptibilities. We analyze to what extent our data support the expected scaling laws. In particular, we examine whether the scaling exponents agree with the O(4) values as predicted by the effective sigma model analysis [1] , or at least the O(2) values corresponding to exact U(1) chiral symmetry of the Kogut-Susskind quark action used in our simulations.
The scaling laws follow from a well-known renormalization-group argument which predicts that the leading singularity of the free energy per unit volume has the scaling form
where t and h are reduced temperature and quark mass, y t and y h are the thermal and magnetic critical exponents, and d = 3 is the space dimension. We take the reduced variables to be
where β c (m q ) = 6/g 2 c (m q ) denotes the pseudo critical coupling defined as the peak position of a susceptibility for a given quark mass m q . The choice for h corresponds to h ∝ m q /T up to a numerical factor of 4. The scaling law for the pseudo critical coupling is then given by
One can define three types of susceptibilities depending on the combination of variables taken for the second derivative of the free energy. The (h, h) combination corresponds to the chiral susceptibility χ m , and we find the scaling form of its peak height to be
where
The t derivative generates susceptibilities involving the energy operator ǫ. Decomposing ǫ into the gluon terms that depend on the spatial and temporal plaquette averages and the quark term proportional to ψD 0 ψ, we expect For these susceptibilities only the leading exponent needs to be constrained by the thermal and magnetic exponents, i.e.,
Since all the exponents are expressed in terms of y t and y h , two relations exist among the four exponents z g , z m , z t and z e , which may be taken to be
Results for exponents
Our study of exponents is based on the results for the peak position and height of various susceptibilities summarized in Table 2 . For m q = 0.01 and L = 12 two runs are made. We present results employing the first run carried out at β = 5.266, since the exponents obtained with the second run are consistent with those with the first run. Let us start with an examination of the exponent z g that governs the scaling behavior of the critical coupling β c (m q ). In Fig. 8 we plot β c (m q ) defined as the peak position of the chiral susceptibility χ m . Solid lines represent fit of the data to the form (33), which reasonably go through the data points. Results for z g are listed in the first row of Table 3 . Other susceptibilities yield results consistent with those from χ m well within the errors.
We observe that the values of z g do not exhibit clear size dependence, and are in agreement with the theoretical predictions based on O(2) or O(4) symmetry within one to two standard deviations. As expected from this observation, a reasonable fit is also obtained fixing z g to either the O(2) or O(4) exponent. Let us turn to the exponents determined from peak height of the susceptibilities. In Fig. 9 we plot the quark mass dependence of peak height for the representative susceptibilities. Exponents are extracted by fits employing a scaling behavior with a single power as given in (35, 37-39). Results are summarized in Table 3 . For z t and z e various operator combinations yield results which are in mutual agreement within estimated errors.
We observe that all the exponents z m , z t and z e exhibit a sizable increase between L = 8 and 12, and the larger values stay for L = 16. Comparing the exponents with those of O(2), O(4) or mean-field (MF) predictions, we find that an apparent agreement of z m and z t for the smallest size L = 8 becomes lost for L ≥ 12. The magnitude of discrepancy is smallest for z m , for which we find a 10-20% larger value amounting to a one to two standard deviation difference. For z t the discrepancy is by a factor two for L = 12 and 16. The disagreement is even more pronounced for the exponent z e for which a value in the range z e ≈ 0.5 − 0.6 is obtained in contrast to negative values for O(2) and O(4).
One can ask how inclusion of subleading singularities and/or analytic terms in the fitting function modifies the results above. A thorough examination of this question is difficult with our limited data sets, and we restrict ourselves to the simplest case where a constant term is included in the fit: χ Turning to (ii), the quality of fit significantly worsens when one fixes the value of exponents to the theoretical value. Values of χ 2 per degree of freedom increase to 2 − 3 as compared to 0.5 − 1 for the single-power fit with z i as a free parameter, and the fit generally misses the point for the smallest quark mass m q = 0.01 for L = 16. In particular the fit for χ e accommodates a negative value of z e only by forcing the coefficient c e,1 in front of the power term to a negative value of a magnitude similar to that of the constant term c e,0 . Altogether fits with theoretical values of exponents do not appear any more reasonable than fits with a single power.
These examinations lead us to conclude that the exponents do show a trend of deviation from the O(2) or O(4) values, at least in the range of quark mass m q = 0.075 − 0.01 explored in our simulation.
Let us recall from Sec. 4.1 that the four exponents z g , z m , z t and z e should satisfy two consistency equations (42-43). In Fig. 10 we plot the two sides of the hyperscaling equations using the exponents obtained with a single power fit in Table 3 . For z t and z e we take averages over the channels as the exponents are mutually consistent. We observe that the hyperscaling relations are well satisfied for each spatial volume even though the values of individual exponents change from volume to volume and deviate from theoretical expectations. This implies that our susceptibility data are consistent with a second-order transition at m q = 0 governed by the magnetic and thermal operators.
Given this result, we may estimate the magnetic and thermal exponents through a χ 
Results for scaling function
Defining a scaling variable
one expects the singular part of the susceptibility to take the functional form
We plot in Fig. 11 two estimates of the scaling function F m (x) calculated as χ m (β, m q )· (m q /0.01) zm using data for L = 16: in (a) we employ the measured values z g = 0.6447, z m = 1.033, β c (0) = 5.2353, and in (b) we take the O(4) values [21] for the exponents z g = 0.538, z m = 0.794 and substitute the value β c (0) = 5.2253 obtained with a fit of β c (m q ) with z g fixed to the O(4) value. Similar to the experience with fits of peak height in Sec. 4.2, we find that scaling is reasonable with the use of the measured exponents. The fit, however, worsens if the O(4) exponents are employed; in particular the curve for the smallest quark mass m q = 0.01 deviates largely from the rest.
Conclusions
In this article we have presented results of our analysis of the two-flavor chiral phase transition with the Kogut-Susskind quark action on an N t = 4 lattice. By studying the spatial volume dependence of various susceptibilities, we have confirmed the conclusion of previous investigations [5, 6] that the transition is a smooth crossover for m q ≥ 0.02. At m q = 0.01 the susceptibilities exhibit an almost linear increase in spatial volume between 8 3 and 16 3 lattices, which contradicts the results of previous work [6] , and may appear to be consistent with a first-order phase transition. However, examination of time histories and histograms of observables, and in particular, a rescaling of spatial size in terms of the zero-temperature pion mass strongly suggests that the linear increase is a transient phenomenon arising from an insufficient spatial size. It is our present conclusion that there is no evidence indicating a first order transition down to m q = 0.01.
We have also analyzed how susceptibilities depend on the quark mass. The pattern of critical exponents we have obtained is consistent with the existence of a second-order phase transition at m q = 0, which is governed by a renormalization-group fixed point with two relevant operators, the energy and magnetization operators. The exponents, however, do not agree with O(2), O(4) or mean-field theory predictions. This means that the theoretical argument for a second order phase transition from the chiral sigma model remains unjustified in the present work.
A disagreement with the O(4) values may not come as a surprise since flavor symmetry breaking effects of the Kogut-Susskind quark action is quite large at β ≈ 5.3 where the transition is located for N t = 4. Indeed masses of non-Nambu-Goldstone pions are closer to those of ρ meson, rather than those of the Nambu-Goldstone pion, for these values of β.
Numerically, the O(2) values for exponents are close to those for O(4). The deviation from the O(2) values is theoretically more puzzling for several reasons: (i) O (2) is an exact symmetry group of the Kogut-Susskind action for any lattice spacing, (ii) this symmetry is preserved under the algorithmic expedient of taking a square root of the quark determinant adopted in the hybrid R algorithm, and (iii) the susceptibility χ m is precisely the second derivative of free energy with respect to the quark mass which is the conjugate field of the O(2) order parameter. Thus, if the two-flavor system simulated by the hybrid R algorithm undergoes a second-order transition, we expect the O(2) values of exponents to emerge toward the chiral limit.
The smallest quark mass m q = 0.01 we have explored is quite small at β ≈ 5.3, corresponding to m π /m ρ ≈ 0.19 which is close to the experimental value of 0.18. It is possible, however, that the critical region where susceptibilities exhibit the true scaling behavior is located even nearer to the chiral limit. If this is the origin of the discrepancy, establishing the universality nature of the two-flavor transition for the Kogut-Susskind quark action will require further simulations toward substantially smaller quark masses and necessarily much larger spatial lattices.
